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Abstract. The topology of smooth quasi-projective complex varieties is very 
restrictive. One aspect of this statement is the fact that natural strata of local 
systems, called cohomology jump loci, have a rigid structure: they are torsion- 
translated subtori in a complex torus. We propose and partially confirm a re- 
O lation between Bernstein-Sato ideals and local systems. This relation gives yet 

D ■ a different point of view on the nature of the structure of cohomology jump 

| loci of local systems. The main result is a partial generalization to the case of 

a collection of polynomials of the theorem of Malgrange and Kashiwara which 
states that the Bernstein-Sato polynomial of a hypersurface recovers the mon- 
odromy eigenvalues of the Milnor fibers of the hypersurface. We also address 
multi-variable versions of the Monodromy Conjecture and provide support for 
these in the case of hyperplane arrangements. 
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1.1. Bernstein-Sato ideals and local systems. We first propose a conjectural 
picture relating Bernstein-Sato ideals with local systems. It is known that the topol- 
ogy of smooth quasi-projective complex varieties is very restrictive. One aspect of 
this statement is the fact that natural strata of local systems, called cohomology 
jump loci, have a rigid structure: they are torsion-translated subtori in a complex 
torus, see Green - Lazarsfeld [15] ITS]. Arapura [H[2], Simpson [M], Budur [7], Lib- 
gober [22], Dimca - Papadima - Suciu [H] , Popa - Schnell [30J, Dimca - Papadima 
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The conjectural picture we propose gives yet a different point of view on the 
nature of the structure of cohomology jump loci of local systems. 

To be more precise, let F = (fi, ■ ■ ■ , f r ) be a collection of polynomials fj in 
C[xi, . . . ,x n }. The Bernstein- Sato ideal of F is the ideal Bp generated by polyno- 
mials b G C[si, . . . , s r ] such that 

b(s 1 ,...,s r )f^---f^ = Pf? +1 ---f^ 1 

for some algebraic differential operator 

d_ _d_ 

dxi ' ' dx r 

The existence of non-zero Bernstein-Sato ideals Bp has been proved by Sabbah 
[5T] , see also Bahloul [3] and Gyoja |17] . In the one- variable case r = 1, the monic 
generator of the ideal Bp is the classical Bernstein-Sato polynomial. 

We conjecture that the zero locus of the Bernstein-Sato ideal is a subspace ar- 
rangement of a certain arithmetic type. 

Conjecture 1. The Bernstein- Sato ideal Bp is generated by products of linear 
polynomials of the form 

a\S\ + . . . + a r s r + a 
with c*i G N, gcd(«i, . . . , a r ) = 1, and a G Q>o- 

This refines a result of Sabbah [3T] and Gyoja [17] which states that Bp contains 
at least one element of this type. In the one- variable case r = 1, this is due 
to Kashiwara [IE]. When n = 2, every element of Bp is divisible by the linear 
polynomials defining (r — l)-dimensional faces of the jumping polytopes of the local 
mixed multiplier ideals of fi, . . . , f r , by Cassou-Nogues and Libgober P, Theorem 
4.1]. 

A slightly weaker version of Conjecture [1] is reduced to a different conjecture 
next, which we prove in one direction, and almost prove it in the other direction 
as well. 

It is important for the rest of the paper to work locally at a point x in 

X := C n . 

In this case, we replace in the above Bp by the local Bernstein-Sato ideal Bp x of 
the germ of F at x, and we also propose the local version of Conjecture [TJ It is 
known that 

Bp = P| Bp, x , 

see [H Corollary 6]. Thus, if we let V(I) denote the zero locus of an ideal /, 

V(B F ) = |J V(B F}X ), 

and the local version implies the global version of Conjecture [TJ 

The relation with local systems is in two steps. First, we propose a generalization 
of the well-known result of Kashiwara [JJ5] and Malgrange [21] which states that the 
roots of the classical Bernstein-Sato polynomial of a polynomial germ / give the 
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monodromy eigenvalues on the Milnor fiber. In this case, the cohomology of the 
Milnor fiber is packaged into Deligne's nearby cycles complex ipfCx- When r > 1, a 
generalization of Deligne's nearby cycles functor is the Sabbah specialization functor 

^ F :D b c (X,C)^D b c (D,A), 

where 

r 

D -=U V{f s ) 

is the union of the zero loci of the fj, 

A:=C[ti,t 1 ,...,t r ,t r ], 

and -Dc(-> R) is the bounded derived category of constructible sheaves in the analytic 
topology over a ring R. This functor has been introduced in [32]. The action of A 
on ip F Cx generalizes the monodromy of the Milnor fiber from the case r = 1. 
For a point x in D, denote by 

the support of ijj F Cx at X clS cLll A-module, see Definition 13.61 The ambient space 
of the support is the torus (C*) r , with affine coordinate ring A. For our purposes, 
we have to take into account the possibility that some fj do not vanish at x, and 
thus we are lead to define the uniform support 

Suppr^^Cx) C (C7, 

see Definition 13.201 Let 

Exp : C r — > (C*) r 

be the map x i->- exp(27ria;). The following generalizes the theorem of Kashiwara 
and Malgrange. 

Conjecture 2. 

Exp(V(B FtX )) = |J Supp; m f^ F C x )- 

y£D near x 

The union is taken over points y G D in a small open ball around x. However, 
one can take only the general points y of a fine enough stratification of the singular 
locus of D. 

We show the following partial confirmation of Conjecture [2j 

Theorem 1. Assume all fj G Q[ar, . . . ,x n ] or, more generally, that B FyX is gen- 
erated by polynomials with rational coefficients. Then 

Exp(V(B F , x )) D |J Supp^f^pCx). 

y&D near x 

It is known that B Fx is generated by polynomials with rational coefficients if all 
fj have rational coefficients, see jU §4]. 

The method of proof of Theorem [TJ is geometrical. However, it seems unlikely 
that the converse of Theorem [T] can be done without the use of P-module theory. 
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We also make a significant step toward proving the converse of Theorem [TJ see 
Proposition 16. 9[ where we show that it reduces to the following simple-to-state 
"D-module theoretic condition. Let T>x be the sheaf of holomorphic differential 
operators on X. 

Conjecture 3. If a G V(Bp, x ) then, locally atx, 

r 

J>, - n/)-p v >':. . . . , Sr ]A sl . . . /; £ v x [ Sl , . v /r . . . /; 

mO<kZo I>x[s 1 ,-..,Sr]/i' 1+1 .../r" r+1 - 

The following is a weaker version of Conjecture [TJ 

Theorem 2. Assume Conjecture^ If the polynomials fj with fj(x) = define 
mutually distinct reduced and irreducible hypersurface germs at x, then the set 
Exp(V(Bp iX )) is a finite union of torsion-translated subtori of (C*) r . 

The relation of Bernstein-Sato ideals with local systems is completed by relating 
the latter with the Sabbah specialization. For a connected finite CW-complex M, 
let L(M) denote the space of complex local systems of rank one on M. Then 

L(M) =Hom(#i(M,Z),C*). 

Define the characteristic variety of M to be the subset V(M) of L(M) consisting 
of local systems with non-trivial homology, 

(1) V(M) := {£ G L{M) | H k (M, C)^0 for some jfe}. 

There are other, more refined, (co)homology jump loci of M which can be defined, 
but we will not be concerned with them in this article. 

For a point x in X, let Uf, x be the complement of D in a small open ball centered 
at x, 

U F>X := Balk - (Balk flD). 
There is a natural embedding of L{Uf, x ) into the torus (C*) r induced by F. 

Theorem 3. If the polynomials fj with fj(x) = define mutually distinct reduced 
and irreducible hypersurface germs at x, then 

Supp x (ip F £- x ) = V(U F)X ). 

We can define the uniform characteristic variety with respect to F, which we 
denote by V um ^ (Uf, x ), such that it agrees with Supp^^^Cx via Theorem [31 see 
Definition 1MB 

Theorem 4. Assume Conjecture^ If the polynomials fj with fj(x) = define 
mutually distinct reduced and irreducible hypersurface germs at x, then 

Exp(V(B F , x )) = |J V umf (U F , y ). 

y£D near X 
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Theorem H] implies immediately Theorem [2j V(Uf, v ) is a finite union of torsion- 
translated subtori by Libgober [22j Theorem 3.1], and hence the same is true for 
yumf (jj Fy Y Thus, it is plausible that Conjecture [1] can be proved using Theorem 

m 

Let us mention the connection with local Alexander modules. The cohomologies 
of the stalks of ipF^x are the multi- variable local homology Alexander modules, 
as shown by Sabbah (32] , see Proposition 13.121 In the special case when all the 
polynomials fj are homogeneous, the cohomologies of the stalk at the origin of 
i/jf'Cx are the multi-variable universal homology Alexander modules introduced by 
Dimca-Maxim [12], see Proposition 13.241 

1.2. The geometry of Bernstein-Sato ideals. Next, information about uniform 
supports and characteristic varieties leads to better understanding of the question 
of what do zero loci of Bernstein-Sato ideals look like. In the case when all fj 
are homogeneous polynomials, we give a formula which, assuming Conjecture 121 
reduces the computation of Exp(V(B F )) to a lower-dimensional, but possibly non- 
homogeneous, case, see Proposition 13.271 We also obtain: 

Corollary 1. Let F = (fx, ■ ■ ■ , f r ) with fj 6 C[x\, . . . , x n ] irreducible and homoge- 
neous of degree dj defining mutually distinct hyper surf aces with gcd(d\, . . . , d r ) = 1. 
Let V be the complement in P n_1 of the union of the zero loci of fj. If x(Y) 0> 
then 

{d l s x + ... + d r s r + k = 0} C V{B F ) 

for some fee Z. 

It is tempting to conjecture that k = n in Corollary [TJ We do so below for 
hyperplane arrangments. 

In the case of hyperplane arrangements, the homogenous reduction formula can 
be applied repeatedly to obtain precise formulas. Let F = (fi, ■ ■ • , f r ) be such 
that fj are linear forms defining mutually distinct hyperplanes. The following 
terminology is defined in section |5j For an edge W of the hyperplane arrangement 
Ylj=i fji Fw be the restriction in the sense of hyperplane arrangements of F to 
W. Let 

lw 

F w = Yl^w 

i=l 

be a total splitting of Fw- If we set F$ = (fi W , • • • , / r '^), let 

j,w -~ ue & Jj,w- 

The following is an immediate consequence of Proposition 15.91 and Theorem [TJ 

Corollary 2. Let F = (fx, . . . , f r ) with fj e C[xi, . . . , x n ] linear forms defining 
mutually distinct hyperplanes. Then 

|J V{(tf w . . . S w - 1 I i = 1, ... , l w )) c Exp(V(B F )), 
w 
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where the union is over the edges W of the hyperplane arrangement YYj=ifj- As- 
suming Conjecture^ equality holds. 

By specializing F = (fi, ■ ■ ■ , f r ) to YYj=i fr m the above Corollary, see also 
Theorem [8] below, we obtain the following. Let / be a hyperplane arrangement, 
fw the restriction to the edge W, and fw = n!=i fw a total splitting of fw- Let 
d$ = degf w \ Denote by bf the classical one- variable Bernstein-Sato polynomial 
of /, and by M/> the Milnor fiber of / at x. With this notation: 

Corollary 3. Let f £ C[x\, . . . ,x n ] be a reduced hyperplane arrangement. Then 
Exp(V(bf)) , which equals the set of all eigenvalues of the monodromy on H'(Mf )X , C) 
for x ranging over / _1 (0), is a combinatorial invariant equal to 

\JV(t d< $ -l\i = l,...,l w ), 
w 

where the union is over the edges W of f . 

In contrast, U. Walther has announced that the Bernstein-Sato polynomial bf 
of a hyperplane arrangement is not a combinatorial invariant. A different proof of 
Corollary [3] involving j2H Theorem 3.1] was noticed and communicated to us by 
A. Libgober. 

The following is a multi-variable generalization of [HI Conjecture 1.2]. This 
simple-looking, yet difficult-to-prove, statement has implications for the Multi- 
Variable Strong Monodromy Conjecture, see Theorem below. 

Conjecture 4. If fx, ... , f r are central hyperplane arrangements in C n , not nec- 
essarily reduced, of degree dj, and YYj=ifj ^ s a central essential indecomposable 
hyperplane arrangement, then 

{dxsx + ... + d r s r + n = 0} C V(B F ). 

1.3. Multi- Variable Monodromy Conjecture. We discuss the relation between 
multi-variable topological zeta functions on one hand, and Sabbah specialization 
complexes and Bernstein-Sato ideals, on other hand. 

Let F = (fx, ■ ■ ■ , f r ) with fj £ C[xx, ■ ■ ■ , x n ]. We keep the notation from 1.1. 
Let \i : Y — >■ X be a log resolution of JJ. fj. Let Ei for i £ S be the collection of 
irreducible components of the zeros locus of - fj) o \i. Let a^j be the order of 
vanishing of fj along and let fcj be the order of vanishing of the determinant 
of the Jacobian of \x along Ei. For I C S, let E\ = n^iEi — Ui e s~iEi- With this 
notation, the topological zeta function of F = (fi, ■ ■ ■ , f r ) is 

Z^(sx, ...,s r ) :=£ X (E°) ■ J] I - ■ 

777, ~-7 a i,l S l + • • • a i,rS r + + 1 

This expression is independent of the choice of log resolution. Define 

PL{Z t F op { Sl ,...,s r )) 

to be the polar locus in C r . 
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The following is the Topological Multi-Variable Monodromy Conjecture, slightly 
different than phrased by Loeser, see 



Conjecture 5. 

Ex V {PL{Zf)) c |J Supp u x nif ^FC x ). 

x&D 

When r = 1, this is the Monodromy Conjecture of Igusa-Denef-Loser saying that 
poles of the topological zeta function give eigenvalues of the Milnor monodromy. 

We call the following the Topological Multi-Variable Strong Monodromy Conjec- 
ture: 

Conjecture 6. 

PL{Z l ° v ) C V(B F ). 

Conjecture [6] implies Conjecture [5] if we believe Conjecture [2], hence the adjective 
"strong" . 

We prove Conjecture [5] in the following case: 

Theorem 5. If each fj define a (possibly nonreduced) hyperplane arrangement in 
C n , then Conjecture^ holds. 

Besides the hyperplane arrangements case, Conjecture [5] is also known for plane 
curves, see Nicaise [25] . 

We cannot prove Conjecture E] for hyperplane arrangements, but we reduce it to 
Conjecture HI 

Theorem 6. If each fj define a (possibly-nonr educed) hyperplane arrangement in 
C n and if Conjecture [7] holds for the restriction 

Fw = {fj,w\fj(W) = OJe{l,...,r}) 

of the hyperplane arrangements to any dense edge W of\Yj=\fj; then Conjecture 
holds for F. 

Both Theorems [5] and [6] were proved for r = 1 in [8], and here we follow a similar 

strategy 

On a different note, there has been recent interest in zeta functions attached to 
differential forms and possible connections with monodromy-type invariants, see 
Nemethi-Veys [25]. Let dx = dx\ A ... A dx n and let u = f r +idx be an ra-form on 
X. Define 

Zp 0p ' (si, . . . , s r ) 

in a similiar fashion as Zp° p (si, . . . , s r ), but with ki replaced by ord^o;. Note that 

ry top, dx I \ ry top j \ 

l s l> • • • ) s r) — • • • > s r)- 

One can ask what would a Monodromy Conjecture predict for Zp° p ' u ? See [251 1-2] 
for a discussion. We propose an answer which is natural from the point of view of 
the Sabbah specialization complex. Clearly 

7 top, f r+1 dx , Q \_ytop / ,\ 

^(/i,...,/ P ) • ' ' ' br ' ~ ^(/i,...,/ r+ i)^l' • • • ' S ri L J- 
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Since the polar locus of a specialization of a rational function is included in the 
specialization of the polar locus of the same rational function, we see that the right 
(Strong) Monodromy Conjecture for forms is a specialization of Conjectures [5] and 
1 

Theorem 7. (a) (Topological Multi-Variable Monodromy Conjecture for Forms.) 
Assume Conjecture^ holds for F . Then 

Exp{PL{Z^Jf_^)) c |J SuppT if ^FC x ) n V(t r - 1). 

xeD 

(b) (Topological Multi-Variable Strong Monodromy Conjecture for Forms.) As- 
sume Conjecture^ holds for F . Then 

PL{Z%J£j<ZV{B F )nV{8r-l). 

Again, part (b) implies part (a) if we believe Conjecture |2j 

One can ask how natural is to specialize the Monodromy Conjecture. We de- 
fine later what it means to specialize F to another collection G of possibly fewer 
polynomials, see Definition 13.291 For example, F = (fi, ■ ■ ■ , f r ) specializes to 
G = (fx, . . . , fj—i), and it also specializes to [7 fj. We show the following natu- 
rality with respect to specializations of the Monodromy Conjecture: 

Theorem 8. Assume that Conjecture^ holds for a given F. If F specializes to G, 
then Conjecture^ also holds for G. 

At the moment we cannot conclude the same thing for the Strong Monodromy 
Conjecture. 

It is a standard procedure to adjust statements involving topological zeta func- 
tions to obtain statements involving: local topological zeta functions, (local) p-adic 
zeta functions, and, more generally, (local) motivic zeta functions. For brevity, we 
shall skip this discussion. 

1.4. Computational aspects. Bernstein-Sato ideals are amenable to computer 
calculations, albeit expensive ones. Thus, by transfer, Conjecture [2] would provide 
algorithms to compute the characteristic varieties appearing on the right-hand side 
of the equality in Theorem HI There are no other known algorithms for character- 
istic varieties applicable in general. Note that Berstein-Sato ideals are essential for 
the current algorithms computing cohomology of local systems on complements of 
projective hypersurfaces, see Oaku-Takayama (27]. 

We also push a bit the computability boundary. We provide a general structural 
result on Exp(V(Bp)) in Proposition 16.61 This result, combined with current 
algorithms for other ideals of Bernstein-Sato type related to Bp, can be used to 
compute Exp(y(Bp)) even when Bp is intractable, see Example 17.11 

1.5. Acknowledgement. We would like to thank V. Levandovskyy and U. Walther 
for their help with computing examples. For computations of the Bernstein-Sato 
ideals in this paper we used the library dmod. lib in Singular [TUl ED]- We would 
also like to thank A. Dimca, A. Libgober, L. Maxim, M. Schulze, and W. Veys for 
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1.6. Notation. All algebraic varieties are assumed to be over the complex number 
field. A variety is not assumed to be irreducible. 



2. Characteristic varieties 

2.1. Local systems and characteristic varieties. Let M be a connected finite 
CW-complex of dimension n. Let L(M) be the group of rank one complex local 
systems on M. We can identify 

L(M) = Hom(7Ti(M),C*) = Hom(Fi(M, Z), C*) = H X (M, C). 

Consider the ring 

B := C[#i(M,Z)]. 
Then L(M) is an affine variety with affine coordinate ring equal to B. 

Example 2.2. If U denotes the complement in a small open ball centered at a 
point x in C n of r mutually distinct analytically irreducible hypersurface germs, 
then Hi(U, Z) = Z r is generated by the classes of small loops around the branches, 
and L(U) = (C*) r , see pH (4.1.5)]. 

Example 2.3. If V denotes the complement in P n_1 of r mutually distinct reduced 
and irreducible hypersurfaces of degrees di, . . . , d r , then 



#i(V,Z) 



/(dr7l + . . . + d r J r ), 



where 7j is the class of a small loop centered at a general point on the j-th hyper- 
surface, see [HJ (4.1.3)]. 

Let M ab be the universal abelian cover of M. In other words, M ab is the cover 
of M given by the kernel of the natural abelianization map 

ab : 7r x (M) H X (M,Z). 
Definition 2.4. The characteristic variety of M is the subset 

V(M) :={JSupp(H k (M ab ,C)) 

k 

of L(M), where Supp{H k (M ab ,C)) is the support of the B-module H k (M ab ,C) ■ 

This definition agrees with the definition ([1]) from the Introduction, see [29| 
Theorem 3.6]: 

Theorem 2.5. V(M) is the set of local systems of rank one on M with non-trivial 
homology. 
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3. SABBAH SPECIALIZATION AND LOCAL SYSTEMS 

In this section we write down some properties of the Sabbah specialization com- 
plexes. We also prove Theorems [31111 as well as the homogeneous reduction formula 
mentioned in 1.2. 

For a ring R and a variety X, let D b (X, R) denote the bounded derived category 
of i?-constructible sheaves on the underlying analytic variety of X. 

3.1. Sabbah specialization. Let 

F=(f u ...J r ) 

with fj e C[xi, . . . , x n ). Let 

X = C\ Dj = V(fj) C X, D = U r j=l D j7 U = X-D. 

Let S = C, S* = (C*) r , and denote by S* the universal cover of S*. We denote 
the affine coordinate ring of S* by 

A = C[t 1 ,t?,...,t r ,t- 1 ]. 
Consider the following diagram of fibered squares of natural maps: 

LK ^ X -< >U U 

ID 



F 



J 

Fu 



s - — ^s* - — s* 

JS Ps 

Definition 3.2. The Sabbah specialization functor of F is 

ipF = i* D Rj*Rp,{jopy : D b c {X,C) D b c (D, A). 
We call ip^Cx the Sabbah specialization complex. 

Remark 3.3. (1) This definition is slightly different than [321 2.2.7] where it is 
called the nearby Alexander complex. To obtain the definition in loc. cit., one has 
to restrict further to r\jDj. The constructibility ipp over A follows as in loc. cit. 

(2) This definition is also slightly different than the one in [26], where Rp\ is 
replaced by 

(3) When r = 1, ipfj 7 as defined here equals ipfj-'l— 1] as defined by Deligne, see 
Pp.13]. 

A different expression for Sabbah specialization is as follows. Let 

£ = R(p s )iC r . = (ps)iCg;. 

This is the rank-one local system of free A-modules on S* corresponding to the 
isomorphism 

m{S*) ->Z r = 7ri(S*). 

Define 

C F := F*C. 
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This is a local system of A-modules on U. The following is essentially a particular 
case of [321 2.2.8] in light of Remark |33] (1): 

Lemma 3.4. (a) tp F F = i* D Rj^{j*F ® Cu £ F )- 
(b) In particular, ipF^x = i* D Rj*£ F ■ 

Proof. By the projection formula [321 2.1.3], Rj^Rpip*]*? = Rj*(j*T®Cv Rp\^u)- 
On the other hand, we have Rp\Cy = Rp\F~C^ = F{}Rp\C^ = C F . □ 

3.5. Mult i- variable monodromy zeta function. We recall Sabbah's multi- 
variable generalization of A'Campo's formula for the monodromy zeta function. 

Definition 3.6. For an A-module G, we denote by Supp(G) the support of G in 
S* = Spec A. For an A-constructible sheaf Q on X and a point x in X, the support 
of Q at x is the support of the stalk: 

Supp x {Q) := Supp(g x ) C S* 

The support at the point x of a complex Q G D^(D,A) is 

SuppM :=\JSupp x (H k (g))cS*. 

k 

Definition 3.7. The multi-variable monodromy zeta function of Q G D b c (D,A) at 
the point x is defined to be the cycle 

US) :=Z)*-(&0 ,y ( P )' 
p 

where the sum is over prime ideals P of A of height one among those such that 
their zero locus V(P) C Supp x (Q), Q P is the localization of Q at the prime ideal P , 
and Xx is the stalk Euler characteristic. 

Codimension-one cycles on S* can be viewed as rational functions in ti,...,t r 
up to multiplication by a monomial. We will use the rational function notation for 
the multi-variable monodromy zeta function of Sabbah specialization complex: 

U^FCxXh, . . . ,t r ) :=Uij F C x ). 

Let /i : Y — > X be a log resolution of fT. fj. Let for i G S be the collection 
of irreducible components of the zeros locus of fj) ° t 1 - Let a it j be the order of 
vanishing of fj along Ei , and let hi be the order of vanishing of the determinant of 
the Jacobian of \x along For I C S, let Ef = n i€ jEi — U ie s-iEi. The following 
is Sabbah's generalization of A'Campo's formula, see [3"2"1 2.6.2]: 

Theorem 3.8. If fj(x) = for all j, then 

u^cxKh, ...,t r )= n it?* 1 . . - i)-**?). 

i£/ with /i(Ei)=x 

Corollary 3.9. If fj are homogeneous polynomials of degree dj for all j , and 

X{V) ^ 0, where V = P n_1 - P(D), then 

v(t£...tf--i)cSup Po (il>FC x ). 
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Proof. In this case, one can take a log resolution [i:Y—*X which factors through 
the blow-up at 0, such that the strict transform E of the blow-up exceptional 
divisor E' is the only exceptional divisor of Y mapping to 0, and such that \x is an 
isomorphism outside D. In this case, E' = P n_1 , E° = V. Then, by Theorem 13.81 

Co(^C X )(tl, - - - , * r ) = (t? 1 • • • t ~ 1)- X(V0 , 

and the conclusion follows. □ 

For r = 1 one recovers a well-known formula for the monodromy zeta function 
of a homogeneous polynomial, see [TTj p. 108]. 

3.10. Local Alexander modules. Let point in D and i x : {x} — > D the 

natural inclusion. Let Ball x be a small open ball centered at x in X, and let 

U F , X = Ball x - D. 

Let Up b x be the universal abelian cover of U F%X , and let 

B = C[H 1 (U FiX ,Z)). 

Let _ _ 

U F>X := U F>X X S * S*. 
Consider the commutative diagram of fibered squares 

Ball, - — r,,,. — UZ 



>S** S*. 

Definition 3.11. The k-th local homology Alexander module of F at x is the A- 

module 

H k (U F , x ,C)- 

The k-th local homology Alexander module of U FyX is the B-module 

The following is essentially a particular case of [321 2.2.5]: 

Proposition 3.12. The k-th cohomology of the stalk of the Sabbah specialization 
complex is isomorphic as an A-module, up to the switch between of the action oftj 
with that oftj 1 , to the k-th local homology Alexander module of F at x: 

H k (t* x ^ F C x ) = A H k {U7, x X)- 



Proof. By Lemma E31 H k (i* x ^ F C x ) = {R k jX*) x - The stalk of the sheaf RTj+C 1 
at x equals the stalk of the presheaf V \-> H k {U PI V, V). Hence 

(2) H k (i^ F C x ) = H k (U Fx ,£ F ). 

We have 

H k {U^ x ,C) = H^~ k {U^ x ,C) = H^iRamC^J 
= Hl n ~ k {U Fx ,C F ) = H 2n - k (RaX F ), 
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where a is the map to a point. On the other hand, letting (£ F ) V be the A-dual 
local system of C F , and Da be the Verdier duality functor, we have 

H 2n ~ k (RaX F ) = H n - k (R ai D A ((C F y[n})) = H n - k (D A Ra,(C F )[n}) 

= D A H k {Ra^C F Y) = D A H k (U F , x , (£ F ) V ). 

The last A- module is isomorphic, after the change of tj with t J , with H k (UF, x , £ F )- 

□ 

Lemma 3.13. If the polynomials fj with fj{x) = define mutually distinct reduced 
and irreducible hypersurface germs at x, then 

U^ x = Uf ]X and B = A/it, - 1 | ^ 0). 

Proof. The second assertion follows from Example 12.21 For the first assertion, it is 
enough to show that Uf, x corresponds to the kernel of the abelianization map 

K X {U F , X ) -+H X {U F „Z). 

By definition, U f,x is given by the kernel of the composition 

7r x (U F>x )^7r x (S*) = Z r -^H X (S*,Z) = Z r . 
Since the codomain is abelian, it is enough to show that the natural direct image 
F* = ((A)*, • • • , (fr)*) ■■ H X {U F , X , Z) ^(5*, Z) 



/i(7j 



is injective. By Example 12. 2\ H\{Uf,x-,^) is free abelian generated by the classes 
of loops 7j centered a general point of Ball^ fl Dj for those j such that fj(x) = 0. 
Let Sj be a generator for the first homology of the j-th copy of C* in S*. Both 
assertions of the Lemma follow then from the fact that 

if ./;,(./•) / 0. or./ .//. 
Sj if fj(x) = and j = f. 

Indeed, if fj(x) ^ 0, then 7^/ can be chosen such that fj(jj>) is a loop homologically 
equivalent to 0. If j 7^ j', then jji can be chosen such that fj(jj>) is point. If 
fj(x) = and j = j', then jj can be chosen to intersect at most once every fiber 
of fj, hence fji'jj) is homologically equivalent to Sj. □ 

From Proposition 13.121 and Lemma 13.131 we obtain: 

Corollary 3.14. If the polynomials fj with fj(x) = define mutually distinct 
reduced and irreducible hypersurface germs at x, then the k-th cohomology of the 
stalk of i^fCx at x is the k-th local homology Alexander module of Up, x - More 
precisely, the action of A on H k {i* x il)F < Cx) factors through the action of B, and 

H k (^ F C x ) = H k (U F b x ,C) 

as B -modules after replacing on the right-hand side the tj -action with the tr- 
action. 

Remark 3.15. In the case when one the polynomials f r is nonsingular outside 
U r jZ{Dj, or, when f r is a generic linear polynomial through x, more information is 
available about the local Alexander modules from [32, 2.6.3 and 2.6.4]. 
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3.16. Proof of Theorem [3]. In this case, 

L(U F>X ) = Spec B = p| V(tj - 1) C S* 

by Example 12.21 The claim follows from Corollary 13.141 and Theorem 12.51 □ 

3.17. Uniform support. Even if the polynomials f) vanishing at x do not define 
mutually distinct reduced and irreducible hypersurface germs at x, the injectiv- 
ity part in the proof of Lemma I3.13[ together with Proposition 13.121 prove the 
following: 

Lemma 3.18. The action of A on H k (i*ip F Cx) factors through the action of 

A/^ - 1 | /,(*) ^ 0). 

As a consequence, for a point i6D, the support Supp^^pCx lies in a sub-torus 
of S* = (C*) r of codimension exactly the number of polynomials fj with fj(x) ^ 0. 
More precisely, let 

t*= n v(tj-i)cs*. 

Then 

Supp^C* C T;,.. 
Let r x be the codimension of T x in S* . 

Definition 3.19. The F -natural splitting of S* is the splitting 

S* = T x x (C*) r - 

compatible with the splitting 

{./ fji-r) ()},.{./ ./•(,•)/()), 

Definition 3.20. The uniform support at x of ipF^x is 

Supp u x mf ^ F C x := (Supp x ip F C x ) x (C*) rx C S*, 

the last inclusion being induced by the F -natural splitting of S* . By definition, the 
uniform support coincides with the usual support when T x is empty, or in other 
words, when all fj vanish at x. 

Similarly, consider the characteristic variety V{Uf,x)- This is a subvariety of the 
space of rank one local systems L(Uf, x ), and 

L{U FjX ) C T x , 

with T x as above. We have an equality L{U F ,x) — if the germs f) which vanish 
at x define mutually distinct reduced and irreducible hypersurface germs. 

Definition 3.21. The uniform characteristic variety of F at x is 

V unif {U F)X ) := V{U F;X ) x (Cy* C S*, 

the last inclusion being induced by the F -natural splitting of S* . By definition, the 
uniform characteristic variety coincides with the usual characteristic variety when 
T x is empty, or in other words, when all fj vanish at x. 
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3.22. Proof of Theorem |4]. It follows from Theorem [3] and the definition of 
uniform support and uniform characteristic variety above, together with the as- 
sumption that Conjecture [2] holds. □ 

3.23. Homogeneous polynomials. Assume now that fj are homogeneous poly- 
nomials for all j. We show first that i^ipF^-x recovers the universal Alexander 
modules of Dimca-Maxim [121 §5]. Let 

r 

V = P n_1 - \jF(Dj). 

3=1 

Let dj be the degree of fj. Let V ab be the universal abelian cover of V. Then 
Hk{V ab , C) admits an action of 

B := C[#i(V,Z)]. 

If fj are mutually distinct irreducible homogeneous polynomials, which is the sit- 
uation considered in [12] , 

B = A/{tf -1), 

and 

L(V) = Vit^-'-tf- - 1) C S*, 

see Example 12.31 

Proposition 3.24. If fj are irreducible homogeneous polynomials of degree dj 
defining mutually distinct hyper surf aces with gcd(d\, . . . ,d r ) = 1, then the action 
of A on tQippCx factorizes through B, and 

H k ^ F C x )^H k (V ab ,C) 

as B-modules after replacing on the right-hand side the tj- action with the tr- 
action. 

Proof. Consider Uf,q, the complement in a small open ball at the origin of D. The 
natural projectivization map Uf,q — > V has fibers diffeomorphic with C* and is a 
deformation retract of the restriction of the tautological line bundle of P ra_1 to V. 
Since gcd(di, . . . , d r ) = 1, the Picard group of V is trivial. Hence, topologically, 

U F ,o w C* x V. 

Fix a section o : V — > Upfl- First, we show that via this section 

V ab ^Vx UF0 U F b . 
The cover on the right-hand side is given by the kernel of the composition 

7Tl(V) ^ irx{U F v) A H^UFfi, Z). 
The cover on the left-hand side is given by the kernel of 

7n(y)-^ffi(v;z). 

Hence, it is enough to show that the map 
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is injective. By assumption, both groups are free abelian of rank r — 1 and, respec- 
tively, r. Hence a* is compatible with the Kiinneth decomposition 

#i(t/>,o,z) = #i(v;z)ez, 

by the naturality of the Kiinneth decomposition via cross products, and the injec- 
tivity follows. This also shows that A acts on H/,(V ab , C) via the surjection 

A = C[^i(C^ )0 , Z)] — > B = C[#i(V, Z)] = A/(tf 1) 
induced by cr*. 

Now the Proposition follows from Corollary 13.141 and the fact that V ab is a 
deformation retract of 

□ 

Proposition 3.25. // /j are irreducible homogeneous polynomials of degree dj 
defining mutually distinct hyper surfaces with gcd(d\, . . . , d r ) = 1, then, in S* : 

Sup Po (i> F C x ) = V(V) c L(V) = V{tf ■■■t d ; - 1). 
The four sets are equal if, in addition, x(Y) 0- 

Proof. The first equality is new. It follows from Proposition 13.241 and Theorem 12.51 
If x(y) 0; the equality follows from Corollary 13.91 □ 

Remark 3.26. In the case when one of the homogeneous polynomials is a generic 
linear form, more information is available about V(V), see [T2| Theorem 3.6] and 
see also Remark [3.151 

For a point y G X = C n different than the origin, let [y] denote the point in P n_1 
with homogeneous coordinates given by y. We denote by 

U m c F- 1 

the complement in a small ball around [y] of F(D). Note that if we consider an 
affine space neighborhood of [y], 

[y] e A 71 - 1 C P n -\ 

then 

U F ,[y] = U F[An _ 1)[y] . 

There is a homotopy equivalence 

U F ,y ~W U F>[y] . 

Hence 

V(U FjV ) = V(U m ) = V(U F]An _ lM ) c T SI 
with T y as in 13.171 Moreover, 

V unif (U FiV ) = V umf (U F . [y] ) c s* 
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because the F-natural splitting S* = T y x (C*) ry is the same as the Fun-i -natural 
splitting. We define: 

V*'{U m ) := V u ™f(U F , y ) = V™f(U F{An _ 1>[y] ). 

The following would reduce the computation of Exp(V(B F )) to a lower-dimensional, 
possibly non-homogeneous, case: 

Proposition 3.27. Assume Conjecture^ If the polynomials fj are homogeneous 
of degree dj and define mutually distinct reduced and irreducible hypersurfaces, and 
if gcd(di, . . . ,dj) = 1, then 

Exp(V(B F )) = V(V)U |J V unif (U Fi[y] ). 

If in addition, X (V) ^ 0, then V(V) = L(V) = V^ 1 ■■■tf -I). 
Proof. Since F is a collection of homogeneous polynomials and 

V(B F ) = |J V(B F)X ), 

we have by Conjecture [2] that 

Exp(V(B F )) = Exp(V(B Ffi )). 

The conclusion holds for Exp(V(B F}0 )) because of Theorem HI Proposition 13.251 
and the above discussion for y ^ 0. □ 

3.28. Specialization of polynomial maps. Next, we address the question of 
what happens with the support of ip F Cx under specialization of the map F in the 
following sense: 

Definition 3.29. We say that F — (fx, . . . , f r ) specializes to G = (gx,..., g r >), if 
fj and gy are in C[xi, ... , x n ], r > r' , and G is the composition F' o F where 

F' = (f[, . . . , f' r ,) : C — > C r ' 

is such that /j, are monomials and the induced map on tori (C*) r — > (C*) r ' is 
surjective. 

We will use the notation: 

s = c r , s' = c r ', s* = (c*) r , {sy = {c*f. 

In the situation of Definition ^. 29 \ the pull-back of local systems defines an inclusion 
of spaces of rank one local systems 

L((S')*) = (s'y L{S*) = s*. 

There is a corresponding inclusion of tangent spaces at identity 

S' ► S 

recovering the previous inclusion via Exp(.). Let 

: A = C[t u ti 1 , . . . , t r , t' 1 ] — » A' = C[ui, Ui 1 , . . . , u r >, u^, 1 ] 
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be the corresponding surjection of the coordinate rings of S* and (S 1 )*. Let D' be 
the union of the zero loci of gy . 

The following is a consequence of [32j 2.3.8]: 

Proposition 3.30. If the polynomial map F specializes to G, then Supp^ 11 ^ (i/jpCx) 
specializes to Supp^ m ^ (ipcCx) for all x G D' , that is 

Sup P u x nif ^FC x ) n (sr = Supp^tyoCx). 

Proof. Recall that 

Suppr^Cx) = Supp^Cx) x (C7», 

where the coordinates of the last term (C*) rx correspond to tj such that fj(x) ^ 0. 
Hence (abusing notation a bit) 



Suppr^Cx) n (sy = |J [Supple*) n (sy\ x [(c*) r - n (S')*} 

xGD' 

= |J [Supp^CxfA')] x [(c*r n (50*] c (sy 



A 
x&D' 



The claim follows if we show that the last formula is equal to 

|J Suppr^cCx) = |J Supp^ G Cx) x C (S')*, 

xeD' x£D' 

where the coordinates of the last term (C*) r ^ correspond to Uy such that 9y{x) ^ 0. 
By [321 2.3.8], since 4> is surjective, 

Supp^v^Cx® a') = supp a .(^G ( Cx) c (sy. 

A 

For the remaining claim, write 

/; = [(r ll ... ) r r )^rr^...Tm 
It is not difficult to see then that 

o 1 

Note that the coordinates on (C*) Tx PI (5")* correspond to those j' G {1, . . . , r'} 
such that uy does not appear in (j>(tj) for any j with fj(x) = 0. These are the same 
as the elements of the set 

{j' G {1, . . . , r'} | rrijij = for all j with fj(x) = 0}. 

However, we see from the description of F' that this set is the same as 

{fe{l,...,r>}\ gj ,(x)^0}. 

Hence 

(cy* n (sy = (c*) ri , 

as claimed. □ 



BERNSTEIN-SATO IDEALS AND LOCAL SYSTEMS 19 

Example 3.31. F = (fi, ■ ■ ■ , f r ) specializes to G = YYj=ifj- To see this, in 
Definition EM let F' : S ->• S' = C be the map 

(n, ... ,r r ) !->■ n ■ . . . ■ r r . 

Here (S")* — >■ S 1 * is the diagonal inclusion and <fi : A — > A' = C[w, w -1 ] is given by 

tj i — y u. 

In this case, the uniform support of ipG^x at x is the same as the usual support, 
i.e. 

Su VV T^ G C x = Supp x ^ G C x , 

and it consists of the eigenvalues of the monodromy on the Milnor fiber of G at x 
by Remark 13.31 

Example 3.32. F = (/i, . . . , f r ) specializes to G — (fx, . . . , f r -i)- To see this, in 
Definition [321] let F' : S -)■ S' = C^ 1 be defined by 

(r l5 . . . ,r r ) f-^ (n, . . .,r r _i). 

Here the inclusion (S')* — > S* is given by 

(n, . . . ,r r _i) ^ (n, . . . ,T r _i, 1), 

and the map A — >• A' is the natural one induced by the quotient A' = A/(t r — 1). 

3.33. Thom-Sebastiani. Next, we state a multiplicative Thorn- Sebastiani type 
of result for the support of the Sabbah specialization complex. First, we have: 

Lemma 3.34. For i = 1,2, let X { = C\ F t = (f n , . . . ,f iri ), A. = ^/^(O), 
aci G A- T/ien, in (C*) ri x (C*) r ' 2 ; we have 

Su PP ^ f 2 ^ FlxF2 C XlxX2 = Su PP lf^ Fl C Xl x Supp u x f^ F2 C X2 . 

Proof. Using the notation of Lemma 13.41 adapted to our situation, there is an 
equality of local systems of A\ £g> y4 2 -modules 

where Kl denotes the external direct product on U\ x f/ 2) with A = X{ — Di, and 
Ai is the coordinate ring of S* = (C*) r '. Using then Lemma 13.41 and standard 
arguments, one can show that 

L 

1p Fl xF 2 C XlxX2 = ?p Fl C Xl ^ip F2 C X2 , 

Hence the claim holds for the usual supports. See also [29, Proposition 3.1] for the 
same statement for the characteristic varieties. The claim for the uniform support 
follows easily from Definition 13.201 □ 

The following is the multiplicative Thom-Sebastiani property for the support of 
the Sabbah specialization complex: 
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Proposition 3.35. With notation as in Lemma \3. 34\ let r = r± = r 2 . Let G be 

the map 

G = F 1 ■ F 2 : X 1 x X 2 — > (C*) r 

defined by 

(x U X 2 ) ^ (fll(x 1 )f 2 l(x 2 ), ■ ■ ■ Jlr(x 1 )f 2 r(x 2 )) 

for Xi G Xi, i = 1,2. Then 

Supp^ X2 ^ G C XlxX2 = f) Supplf^C 



x, 



i=l,2 



Proof. Let 5 1 = C' r and let F' : S* x 5 — > S be denned by multiplication coordinate- 
wise. Then G = F' o (_F\ x F 2 ) and thus F% x F2 specializes to G, cf. Defi- 
nition 13.291 Hence, by Proposition 13. 30} Supp"™^ 2 ^FixF 2 Cxixx 2 specializes to 
Supp!T 4 {. sV'gCxi xi, via intersection with the diagonal in S* x 5*. The claim then 
follows from Lemma 13.341 □ 



4. Proofs 

4.1. Proof of Theorem [Tl The method of the proof is to use specialization of 
polynomial maps to reduce the statement to the case r = 1 which is already known 
by the theorem of Malgrange and Kashiwara. The setup and notation are as in 



Let m G N r — {(0, . . . , 0)}. Then, conform Definition 13.29} the polynomial map 

F=(f u ...,f r ):X^S 
specializes to the polynomial 

c m = /r ...f™r :X 

The induced inclusion C* c — >■ S* is the given by A \-> (A mi , . . . , A mr ). Let C m be 
the image in S* of this inclusion map. Note that S* is the closure of the union of 
the curves C m 

r 1 d 

S = C m 

m£W-{(0,...,0)} 

Since Bp x is generated by polynomials with rational coefficients by assumption, 
the algebraic set Exp(V(Bf >x )) is defined over Q. Thus 

cl 



|J Exp{V(B F)X )) n C n 

meN r -{(0,...,0)} 



Exp(V(B FiX )) 

By definition, Bp, x consists of polynomials b(si, . . . ,s r ) such that 

b(si,...,s r )f[f? = pf[f; 



C Sj + l 



Ex P (V(B F , x )) D 
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for some algebraic differential operator P(si, . . . ,s r ). Thus, specializing this equal- 
ity, 

Exp(V(B F , x )) Pi C m D £Jxp(y(S Gm)a: )), 

where Bc m , x is the classical one- variable local Bernstein-Sato polynomial of G m . 
Thus, by Malgrange and Kashiwara, 

-1 cl 

U U SuppJ^'^Cx 

_meTr-{(0,...,0)} yeG^(p),yeD near x 

By Proposition I3.30[ the set on the right-hand side is equal to 

-, cl 

U U Supp^VvC* n c„ 

_meN r -{(0,...,0)} j/eG m 1 (0),j/GD near x 
yG-D near x 

with the last equality being true since the supports are varieties defined over Q. □ 

4.2. Proof of Corollary [TJ, It follows from Theorem [1] and Proposition 13.251 

4.3. Proof of Theorem [81 Recall that in the situation of Definition I3.29[ the 
pull-back of local systems defines an inclusion 

L{{S')*) = {S'Y ^ L{S*) = s*. 

There is a corresponding inclusion of tangent spaces at identity 

S'^S 

recovering the previous inclusion via Exp(-). 

We have an equality of multi- variable topological zeta functions: 

Ztop ry top I ry top \ 

G - Z F'oF - l Z F )\S'- 

Thus, for polar loci, 

PL(Z£ P ) = PL((Z F op )\ s ,) C PL(Z F op ) n S'. 

By assumption, 

Ex P {PL{z F op ) n s 1 ) c |J Supp^^Cx) n (S'y, 

xeD> 

where D' is the union of the zero loci of the gy. By Proposition 13.30} the right-hand 
side equals 

|J Suppr^^cCx). 

x<=D' 

Hence the Topological Multi- Variable Monodromy Conjecture, that is, Conjecture 
U holds for 67. □ 
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5. Hyperplane arrangements 

5.1. Terminology. Let D = U'j =1 Dj be a finite collection of hyperplanes in X = 
C n . Let fj be a linear polynomial defining Dj. Let / = LJ . fj 3 with nij > 1 be 
a possibly non-reduced polynomial such that the zero locus V(f) is D. We call 
both D and / hyperplane arrangements. The hyperplane arrangement is called 
central if each Dj is a linear subspace of codimension one of X, that is, if / is 
homogeneous. A central hyperplane arrangement / is indecomposable if there is no 
linear change of coordinates on X such that / can be written as the product of two 
non-constant polynomials in disjoint sets of variables. Note that indecomposability 
is a property of the underlying reduced zero locus D of /. An edge is an intersection 
of hyperplanes Dj. An arrangement is essential if {0} is an edge. For a linear subset 
W C X, the restriction of D to W is the hyperplane arrangement D\y given by the 
image of Udow-Dj in the vector space quotient X/W, which is defined as soon as 
we make a linear change of coordinates such that £ W. Similarly, one defines the 
restriction fw of f to If as a polynomial map on X/W, by keeping track of the 
multiplicities along the hyperplanes Dj which contain W. An edge W of D is called 
dense if the restriction arrangement Dy/ is indecomposable. For example, Dj is a 
dense edge for every j. The canonical log resolution of D is the map /i : Y — > <C n 
obtained by composition of, in increasing order for i — 0, 1, . . . , n — 2, the blowups 
along the (proper transform of) the union of the dense edges of dimension i. 

Theorem 5.2. ( [33j Theorem 3.1]j The canonical log resolution // : Y — >■ X is a 
log resolution of f . 

Proposition 5.3. (]33j Proposition 2.6],) If f is a central hyperplane arrangement 
and V = P n_1 — F(D), then f is indecomposable if and only z/x(V) 0. 

Remark 5.4. The Euler characteristic of the complement of a hyperplane arrange- 
ment can be determined only from the lattice of intersections of the hyperplanes 
in the arrangement, see [28]. Hence the previous Proposition also implies that 
indecomposability and density are combinatorial conditions. 

5.5. Sabbah specialization complex for arrangements. From now on we use 
the same setup as in 13 . 11 Assume that fj are central hyperplane arrangements in 
X = C n , not necessarily reduced, of degree dj. 

The following two lemmas are immediate consequences of Corollary 13. 9\ Propo- 
sition 13.25} and Proposition 15.31 

Lemma 5.6. If f = YYj=i fj ^ s an indecomposable central hyperplane arrangement, 
then V{tf ■ ■ -tf - 1) C Supp (ip F C x )- 

Lemma 5.7. There is an equality in Lemma \5. 6] if, in addition, f is reduced. 

Definition 5.8. We say that polynomial map F = (fx, ■ ■ ■ , f r ) with fj £ C[xi, . . . , x n ] 
splits into G-H , and that G-H is a splitting of F, if, up to a different choice of co- 
ordinates, there exists m with 1 < m < n and there are polynomials gj{x\, . . . , x m ) 
and hj(x m+ i, . . . , x n ) for j = 1, . . . , r, such that not all gj are constant, not all hj 
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are constant, and fj = gjhj. If so, we set G = (gi, . . . ,g r ) and H = (hi, . . . , h r ). 
Otherwise, we say that F is does not split. We say that a splitting 

p = F {x) . _ _ _ . F (i) 

is total if each does not split. 

Let F — (/i, . . . , / r ) be such that fj are linear forms defining mutually distinct 
hyperplanes. Up to multiplication by constants, a total splitting of F is unique. 
For an edge W of the hyperplane arrangement / = YYj=i fj, ^ 

F\V = (fl,Wj • • • > fr,w) '■ X/W — > S*, 

where fj t w is the restriction of the hyperplane arrangement fj to W as defined in 
15.11 More precisely, fj t w = fj\x/w ^ fj(W) = 0> an d fj,w — 1 otherwise. Note 
that W is a dense edge if and only if F\y does not split. For every edge, let 

lw 

F w = Yl^w 

i=i 

be a total splitting of F w . If we set F$ = (fxw, • • • , fr%), let 

a j,W ■— aii BJj,W 

(i) 

Note that d - w is either or 1. 



Proposition 5.9. (a) If fj are linear forms defining mutually distinct hyperplanes, 
then 

(3) |J Supp^WfCx) = IJ V ^f W • • • $ W - 1 I * = 1, • • • , lw)), 

xgd w 

where the union is over the edges W of the hyperplane arrangement YYj=ifj- ^ n 
particular, the codimension-one part is the zero locus in S* of 

n( n 

W \j : }j(W)=0 

where the first product is over dense edges W of f = JJ. fj. 

(b) Assuming Conjecture^ formula |3|) also holds for Exp(V (Bp)). 

Proof. First, we assume that / = YYj=i fj * s a central hyperplane arrangement. 
Then 

|J Suppr^Cx) = Supp^CVf C x ) U |J Supp^^Cx). 

xeD O^yeD 

Let us focus on the first term of the right-hand side. Let 
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be a total splitting of F , with defined on X i} and X = x^JQ. By Proposition 
I3.35[ we have 

lo 

Swppo™ f (ip F C x ) = QSuppo m/ (Vv« c xJ- 

i=l 

Since Fq^ is does not split, the hyperplane arrangement YYj=i /J,o * s indecompos- 
able. Hence, by Proposition 15. 3[ for each Fq we are in the case Lemma [5771 Thus, 

Supp (V)Cx l ) = V(^...^ ° ) -l) 

inside the torus 

Spec(C[tf 1 '°,...,*r '°])- 
By the definition of the uniform support, SuppJip (i)Cx ) has the same equations, 
but inside the possibly-bigger torus 

Spec (C[tf ,...,tf}) = S*. 

Thus, 

Suppr^C*) = f| V(ty . . . t>° - 1) 
i=l 

d {1) d (lo) 
= V(t 1 1 <°...t>° -1 |z = l,...,/ ). 

The rest of the claim follows by replacing W = in the above argument with other 
edges W of the hyperplane arrangement YYj=x fy 

If / is not central, fix x G D. The above argument for the central case gives the 
equations of the support of ipF^-x at x inside the torus 

U vfa-rjcs*. 

j:/j(a)/0 

By the definition of the uniform support, Supp"™ 1 -' (ijj F Cx) has the same equations 
in S*, and the claim follows. □ 

5.10. Proof of Corollary [31 First, we need to clarify the notation used in the 
statement. With the notation as in Proposition 15. 9[ for an edge W of D let fw be 
the restriction of the hyperplane arrangement / to W as in 15.11 If 



j,W> 

3=1 



then 

fw = Ufi 



l\V 

(0 
W 

i=l 
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is a total splitting of fw- Let 

d w :=deg = 

Let /j for j = 1, ... , r, be the irreducible factors of /. Specialize F = (fx, . . . , f r ) 
t° / = Ylj=i fj as i n Example 13.311 As in the proof of Theorem [HJ 

U suppr^^Cx) 

xeD 

specializes via the restriction to the diagonal t\ — . . . = t r to the set 

•k = I^J {eigenvalues of monodromy on H k (Mf^ x , C)}, 
xeD k 

where Mf jX is the Milnor fiber of / at x, see Remark 13.31 Since 

3=1 

we have 

V {t x = . . . = t r = t) n |J Supp^^Cx) = U Vtf® -l\i = l,...,l w ), 

x£D W 

by Proposition 15.91 The conclusion follows from the fact that Exp(V(bf)) = *, by 
the theorem of Malgrange and Kashiwara. □ 

5.11. Proof of Theorem [51 We deal first with the central case. For j = 1, . . . , r, 
let fj be central hyperplane arrangements in X = C ra . Using the canonical log 
resolution, we see that the polar locus PL(Zp P ) is a hyperplane sub- arrangement 
of UwPw, with 

Pw = { a w,is± + . . . + a w>r s r + kw + 1 = 0}, 

where W varies over the dense edges of the hyperplane arrangement D, a^j = 
oidw(fj), and kw = codim (W) — 1. 

Fix a dense edge W, and the corresponding hyperplane Pw which candidates 
for a component of the polar locus. Let Dw, fw, fj,w be the restrictions of the 
hyperplane arrangements D, f, fj, respectively to W as defined in 15.11 We have 
fw = Ylj fj,Wi where the product is over those j with fj(W) = 0. We can assume 
{j | fj(W) = 0} = {1, . . . ,r'} for some integer r'. Now, take a point x G W not 
lying on any hyperplane in D which does not contain W. After choosing a splitting 
of W C C n , we have locally around x, D = D w x W C C n = C n /W x W and 
/ = fw ■ u, where u is a (locally) invertible function. Hence, by Lemma [5. 6[ 

r' 

v{\[f^ - 1) c Supp^ Ml ,... J ^,c CVH c (cy'. 

3=1 



2(> 
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On the other hand, by the definition of the uniform support, we have 

r' 

^(JJ^ - 1) C Supp^^Cx) C (C*) r ' x (C*) r_V = S*. 

3=1 

Let A G Pw- Then 

r 

^niXj^WJ _ j _ e -2Tri-codim(W) _ -y _ g 

i=i 

This shows that 

Exp(P w ) C ^(C 1 • • ■ K w ' r " 1) C Suppr^A,.,/^), 

which was the claim. 

The non-central case follows as in the proof of Proposition 15.91 □ 

5.12. Proof of Theorem O We prove the claim for the case when / = Ylj=i fj i s 
central, since this imples the non-central well. As in the proof of Theorem [5j 

the polar locus PL(Z F op ) is included in the hyperplane arrangement \JwPw-, with 

Pw — {ow,iSi + • • • + a W ys r > + k w + 1 = 0}, 

where W varies over the dense edges of the hyperplane arrangement D, awj = 
ordw(fj), and kw = codim (W) — 1. Hence, 

P w = {deg(f 1<w ) Sl + ... deg{f r ,, w )s r , + dim(C7W0 = 0}. 

Note that fw = Y[j=i fwj is indecomposable, and automatically central and es- 
sential. By assumption, P w is in the zero locus of the ideal B Fw , where Fw = 
{fi,w, • • • , fr',w) as before. 

Now, as in the proof of Theorem [5], take a point x G W not lying on any 
hyperplane in D which does not contain W. We have Bp w = Bp, x , and the zero 
locus of Bp, x is included in the zero locus of Bp- The claim follows. □ 



6. ©-MODULES 



6.1. Bernstein-Sato ideals and D-modules. We recall the P-module theoretic 
interpretation of Bernstein-Sato ideals. We use it to describe the zero locus V(B F ) 
in terms of zero loci of other ideals of Bernstein-Sato type, but which can be more 
amenable to computations. There are different ways to define ideals of Bernstein- 
Sato type, so we start with a more general definition. 

Let X = C n and let Dx denote the Weyl algebra of algebraic differential opera- 
tors on X, 

d 



D 



x 



C 



Xi, 



X Ti 



_d_ 

8Xr 



with the usual commuting relations. 

Let 5ij = 1 if i = j, and otherwise. We will denote by 1 the vector (1, . . . , 1) 
in Z r , and by 1^ the vector in Z r with z-th coordinate Sij. 
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Let F = (/i, . . . , f r ) with fj e C[xi, ...,x n ]. Let 

U = {u {k) ew | k = i,...,0 

be a collection of vectors. 

Definition 6.2. T7ie Bernstein- Sato ideal associated to F and U is the ideal 

B u ,f C C[si, . . . ,s r ] 
of all polynomials b(si, . . . , s r ) such that 

3=1 k=l 3=1 

for some algebraic differential operators Pk in Dx[si, . . . ,s r ]. When U consists of 
only one element u, we denote Bu,f by B Ut p. 

Remark 6.3. (1) Bp, as defined before, is B-^p. 

(2) For a point x in X, there are local versions Bu,f,x of the Bernstein-Sato ideals 
defined using the germ of F at x, see also the next subsection. The existence of 
non-zero such ideals B U F ^ X has been proved by Sabbah [31], see also [3], [TT] . 

One has the following correspondence, see [TTJ Lemma 1.5]: 

Lemma 6.4. By the correspondence s 3 - -H- —dt tj and fj -h- 5(tj — fj), where S(u) 
denotes the Dirac delta function, i.e. the standard generator of D A i/D A iu with u 
the affine coordinate on A 1 , there is an isomorphism of Dx[si, ■ ■ ■ , s r ]-modules 

r r 

d X [ S1 ,..., Sr \ n /?- - Dxi-^h, ~d tr t r ] n - fj). 

3=1 3=1 

The action of tj on the right-hand side corresponds to replacing Sj by Sj + 1 on 
left-hand side. 

Let Y = X x C r with affine coordinates Xi, . . . , x n , ti, . . . , t r . Define for «Gf 
V U D Y := D x ®c J2 Ct i ■ ■ ■ ■ ■ ■ d l c °y- 

/3,7SN r 

The following is the D-module theoretic interpretation of Bernstein-Sato ideals and 
it is a consequence of Lemma 16.41 

Proposition 6.5. Let u e W . The Bernstein- Sato ideal B Ui p consists of the 
polynomials b(s\, . . . , s r ) such that 

r r 
b(-d tl t u -d tr t r ) ■ V°Dy -l[5(tj - fj) C V U Dy -\[8{tj - fj). 
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Proposition 6.6. Let U C . . . , l (r) } and k G {1, . . . , r}. We have: 
(a) B F C >i? ; 
W V(S,.)DUJ =1 y(B lW ^); 

( c ; Exp(v^(5 F )) = Ui=i^(^iw^)); 

(e)V{B u , F )<zf} l(j)eU V{B 1(]KF ). 
Proof. Let 6 G Pp. Then, for some P G Px[si, • • • , s r ], 

b(s) hi j i n .//•' = (p n /iO n • 

j=l j=l j'jkk j=l 

Hence, b G B^k) F , and (a) follows, (b) follows from (a). 

For (c), we assume for simplicity that r = 2. The general case is similar. Let 
bj(si, s 2 ) be in B x <j) F . Then 

bl{8 1 ,8 2 )f?f? = P l {8 li 8 2 )'f? +1 f? 

for some Pj G T>x [si, s 2 ]- Multiplying the first relation by /2, we have 
By Lemma 16.41 the right-hand side is 

t 2 Pi(-d tl t u -d t2 t 2 ) ■ M(ti - A)5(t 2 - / 2 ). 

This is in turn equal to 

Qi(-d tl h, -d t2 t 2 ) ■ hhSih - h)5(t 2 - / 2 ), 

for some Qi G S2] due to repeated shifts <9 <2 t 2 = t 2 dt 2 + 1- Thus, by Lemma 

16.41 again, 

Applying P 2 on both sides, we get 

6i(si,s2)62(si,s 2 )/r/2 5a = p 2 Qi/r +1 / 2 S2+1 , 

where 61 is obtained from 61 by some shifts of si and s 2 by integers. Hence &i& 2 is 
in B F , and 

Pxp(F(P l(1))jF )) U Pxp(V r (P l(2)iF )) D Exp(V(B F )). 

The inverse inclusion, and hence equality, follows (b). This proves (c). 

(d) follows by definition, (e) follows from (d). □ 

The above Proposition also holds in the local case, for Bernstein-Sato ideals at 
a point x. 
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6.7. The remainder of Conjecture [21 It is unlikely that geometric methods 
can be pushed to prove the converse of Theorem [TJ and thus to complete the proof 
of Conjecture [2j While this can be phrased in terms of D-modules using Sabbah 
specialization for V- modules, see [32j §4 and §5], we opt for a different strategy 
which has the advantage of being easier to state. To be more precise, we will prove 
Theorem H] assuming, instead of Conjecture (2J the Conjecture El 

We use the notation as in 1.1. Let T>x be the sheaf of holomorphic differential 
operators on the complex manifold X = C n . For F = (f\,...,f r ) with fj G 
C[xi, . . . ,x r ], let 

f = Wr 

Consider the following P^-submodule of Ox\f~ A si, . . . , s,.]/^ 1 . . . / r Sr 
and the inject ive map 

V : Af — > Af 

which sends (si, . . . , s r ) to (sx + 1, . . . , s r + 1). 

For a point x G D, the local Bernstein-Sato ideal of F at x is 

B F , X = {b G C[si, ...,s r ] | b(si, . . . , s r )Af x c VAf x }. 

Conjecture [3] is equivalent to: if a G V(Bp >x ) then, locally at x, 

r 

J2( S J~ ocjW/VAT c AT /VAT. 
j=i 

Remark 6.8. When r = 1, Conjecture [3] is true. In this case, Af/VAf is a holo- 
nomic Vx-modu\e, hence artinian. Thus the map s — a on Af/VAf is surjective if 
and only if it is an isomorphism, or, in other words, if and only if a is not a root 
of the classical one-variable Bernstein-Sato polynomial of /. 

The converse of Theorem [T] boils down, in the case when the polynomials fj with 
fj(x) = define mutually distinct reduced and irreducible hypersurface germs at 
x, to Conjecture [3] by the following: 

Proposition 6.9. Assume that fj with fj(x) = define mutually distinct reduced 
and irreducible hypersurface germs at x. If Conjecture^ is true, then 

Exp(V(B F>x )) c |J V umf (U F , y ). 

ydD near x 

Proof. We follow the strategy as in the case r = 1 from [51 6.3.5]. Let a G V(B F)X ). 
The element Exp(a) G S* defines an element in L{U F ^ X ). We can take U F>y C U FtX 
for y near x. By restriction, Exp(a) also defines an element in L(U Fyy ) for y near 
x. Let C a denote the rank one local system on U FtX determined by Exp(a). 
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Suppose that Exp{a) G' V unif {U F , y ) for all y G D near x. Then H k (UF, y , C a ) = 
for all k and all y G D near x. In particular, j*£ a has no sections over a small ball 
U y C in X around y, where j : Uf, x ^4 is the natural open inclusion. Hence 

(j*^Q)|{/ :E nD = 0. 

In U x , 

C Q = DRx(M- a ), 
where DR X is the de Rham functor and M.- a is the D^-module 

Because DR x (A4_ a )\ UxnD — 0, the stalks (Ai- a ) x and (Ai a ) x are simple V Xx - 
modules, the proof of this claim being the same as for [5j 6.3.14]. 
We consider 

as a Dx-submodule of .A/f a . We will show that the assumptions imply that, locally 
at x ? 

contradicting the simplicity of (M. a )x- 
Let 

r 
3=1 

Then V induces a map 

P« : A/" a+ i — >■ jV a 

Since we are assuming that 

r 

^2( Sj - CLj)N/VM c Af/VAf, 

3=1 

the map p a is not surjective. 

There is a natural commutative diagram of T>x-modules 

Na+l M a 



V x f^ +1 . . . V x f^ . . . f? 



where the vertical maps are surjective and the bottom map is an inclusion. 

Replace, if necessary, a by a — v ■ 1 for some positive integer v to obtain that 
a G V(B F ,x), but 

a-v-lg V(B F>X ), for all v G Z >0 . 

It is possible to do so by [27, Proposition 3.2]. Note that M. a is unchanged. 
Then, by the local version of [27] Proposition 3.6], the right-most map gives an 
isomorphism 

{Mo)x — T^x^xfi 1 ■ ■ ■ fr r - 
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Since p a is not surjective, it follows that 

7-) fai+l -pa r +l /— T) -pai ca r 
U X,xJ\ ■ ■ ■ Jr ^ U X,xj\ ■ ■ ■ J r , 

which is what was claimed. □ 

7. Example 

The following example is just beyond the borderline of what Bernstein-Sato 
ideals Bp can be computed with currently implemented algorithms and existing 
hardware. 

Example 7.1. Let F — (x,y,x + y, z,x + y + z). Then the product of all entries 
of F forms a central essential indecomposable hyperplane arrangement in C 3 . The 
Bernstein-Sato ideal Bp of F is currently intractable with both dmod.lib in Sin- 
gular and with bsi in risa/asir. However, Conjecture [2] predicts via Corollary 
M that, in (C*) 5 , 

5 

(4) Exp{V{B F )) = VdYltj - 1) • (W 3 - l)(ts*4*5 - • • -*5 - 1)). 

3=1 

We can actually check this as follows. In the notation of Proposition 16. 6[ one can 
compute with dmod.lib [20] : 

b iW,f = + + s 2 + s 3 + 2)(si + s 2 + S3 + s 4 + s 5 + 3)), 

B 1^),F = (( s 2 + 1)(S1 + S 2 + S3 + 2)(>i + s 2 + S3 + s 4 + s 5 + 3)), 

B 1(V,F = (( s 3 + l)(si + s 2 + s 3 + 2)(s 3 + s 4 + s 5 + 2)(si + s 2 + S3 + s 4 + s 5 + 3)), 

B m,F = (( s 4 + l)(s 3 + s 4 + s 5 + 2)(si + S 2 + S3 + s 4 + s 5 + 3)), 

b i(s),f = (( s 5 + l)(s 3 + s 4 + s 5 + 2)(si + S 2 + S3 + s 4 + s 5 + 3)). 

Then (jlj) follows from part (c) of Proposition ^. 61 U. Walther has also checked that 
(jlj) holds, using a different computation. 

The local topological zeta function Z F °^ of F at the origin has a degree-7 irre- 
ducible numerator, and the denominator is equal to 

5 

Y[(sj + 1) ■ (si + s 2 + s 3 + 2)(s 3 + s 4 + s 5 + 2)(si + . . . + s 5 + 3). 
3=1 

This illustrates Theorem [51 Using part (b) of Proposition 16.61 this also shows that 
Conjecture H] and the local version of Conjecture hold for F. 
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